We derived a uniquely exact f (T ) formula of the lowest possible energy of an isotropic and homogeneous universe. We show that vanishing of the energy-momentum tensor T µν of matter does not imply vanishing of the teleparallel torsion scalar T , in contrast to general relativity, where Ricci scalar vanishes. The theory provides an exponential scale factor independent of the choice of the sectional curvature. In addition, the obtained f (T ) of the open universe model shows a decaying form to the small present value of cosmological constant which contributes directly to solve the finetuning problem of the cosmological constant. The Equation of State (EoS) of the torsion fluid has been studied. We study the case when the torsion potential is made of a scalar field and its consequences on the inflationary description.
I. INTRODUCTION
We show here a different motivation of using the cosmological constant as a vacuum density in the General Relativity (GR). The Friedmann-Robertson-Walker (FRW) metric of an isotropic and homogeneous universe can be written as
(1) where a(t) is the scale factor. Einstein's field equations are
where T µν := diag(ρ, −p, −p, −p) is energy-material tensor, Friedmann dynamical equations
where the dot expresses the differentiation with respect to time, q(= − aä a 2 ) is the deceleration parameter and H(= a a ) is the Hubble parameter. We take ρ = ρ c where ρ c is the critical density of the universe when it is full of matter and spatially flat (k = 0), then ρ c = 3H 2 8π . Equation (3) can be rewritten as
where Ω m = ρ ρc = ρ 3H 2 /8π represents the matter density parameter and Ω k (= −k a 2 H 2 ) is the curvature energy * waleed.elhanafy@bue.edu.eg † nashed@bue.edu.eg density parameter. In the GR, Ricci scalar field plays the main role to describe the gravity. We consider now a vacuum universe whereas ρ = 0 and p = 0, one can easily find that the vanishing of the energy-momentum tensor implies the vanishing of Ricci tensor and Ricci scalar as well. Unfortunately, this does not provide us with information about the vacuum density; so we finally have to accept add the cosmological constant Λ in (2) to produce the negative gravitational pressure powering the accelerated expansion of the universe. This interpretation puts a very small upper limit of the cosmological constant ∼ 10 −35 s −2 . Nevertheless, the zero-point energy calculations of the quantum physics predict much larger value exceeds the upper limit by ∼ 120 orders of magnitude. This discrepancy is known as the cosmological constant problem.
Although this problem is considered as the worst prediction in the history of the theoretical physics, many authors have tried vastly to solve this problem in no vain. A new gravitation theory is possibly one of the right tracks to solve this problem.
The work is organized as follows: In Section II, we review the teleparallel gravity and its extension to f (T ) gravity theories. In Section III, We apply the f (T ) field equations to the FRW vacuum universe. The has an exact solution of an exponential scale factor and f (T ) with a decaying behaviour. The theory is consistent with the inflationary universe. We show that the torsion density explains perfectly the missing ingredient of the vacuum. In Section IV, we investigate the decaying behaviour of the f (T ) of vacuum. We show that the decaying f (T ) of the open universe model contributes to solve the so-called cosmological constant problem. In Section V, we investigate the EoS of the effective torsion (vacuum) gravity. Moreover, we show that when the torsion potential is made of a scalar field contributes as an inflaton at early universe time. The final remarks are given in Section VI.
II. TELEPARALLELISM AS AN ALTERNATIVE GRAVITY DESCRIPTION
Recent developments of the gravitational theories is to replace Ricci scalar R by the teleparallel torsion scalar T in Einstein-Hilbert action in Weitzenböck spacetime, this provided a Teleparallel Equivalent of General Relativity (TEGR) theory [10] . Later, this theory has been generalized to f (T ) gravity theories by using an arbitrary function of torsion similarly to the f (R) theories [3, 9] .
A. Weitzenböck connection
The formulation of GR within the Riemannian geometry is powered by the Levi-Civita connection which gives only the attraction gravity. Nevertheless, other geometries with different qualities may give the other one, the repulsive side [14] . It is known that Levi-Civita connection plays the role of the "displacement field" in the GR, so we expect different qualities when using another Weitzenböck connection of the teleparallel geometry. This space is described by as a pair (M, h i ), where M is an n-dimensional smooth manifold and h i (i = 1, · · · , n) are n independent vector fields defined globally on M . The vector fields h i are called the parallelization vector fields. In the four dimensional manifold the parallelization vector fields are called the tetrad field. They are characterized by
where ∂ ν = ∂ ∂x ν and Γ µ λν define the nonsymmetric affine connection [15] .
Equation (6) implies the metricity condition. Also, the curvature tensor of the connection (7) vanishes identically. The metric tensor g µν is defined by
where η ij = (+, −, −, −) is the metric of Minkowski spacetime. We note that, the tetrad field h i µ determines a unique metric g µν , while the inverse is incorrect. The torsion T and the contortion K tensor fields are
We next define the torsion scalar of the teleparallel equivalent to general relativity (TEGR) as
where the tensor S α µν is defined as
which is skew symmetric in the last two indices.
In order to get the physical meaning of the connection coefficients as the displacement field, we use (9) to reexpress the Weitzenböck connection (7) as
By careful look to the above expression of the new displacement field, it consists of two terms. The first is the Levi-Civita connection which consists of the gravitational potential (metric coefficients, g µν ) and its first derivatives with respect to (w.r.t.) the coordinates. Where the second term is the contortion which consists of the tetrad vector fields and its first derivatives w.r.t. the coordinates. In this sense we find the first term contributes to the displacement field as the usual attractive force of gravity, while the second term contributes as a repulsive force. Now we can see how teleparallel geometry adds a new quality (torsion or contortion) to the spacetime allowing repulsive side of gravity to showup [14] .
B. f (T ) field equations
Similar to the f (R) theory one can defines the action of f (T ) theory as
where M Pl is the reduced Planck mass, which is related to the gravitational constant G by M Pl = √ 8πG/c 2 . Assuming the units in which G = c = = 1, in the above equation h = √ −g = det (h a µ ), Φ A are the matter fields. The variation of (13) with respect to the field h i µ requires the following field equations [3] 
where
∂T 2 . Recent applications of the f (T ) in cosmology show an interesting results [9] . For example, avoiding the big bang singularity by presenting a bouncing solution [4, 5] . Also, f (T ) cosmology provides an alternative tool to study inflationary models [1, 2, 6, 8, 11] . Moreover, the problems in f (T ) theories are discussed [7, 12] .
III. f (T ) COSMOLOGY
We apply the f (T ) field equations (14) to the FRW universe of a spatially homogeneous and isotropic spacetime, which directly gives rise to the tetrad given by Robertson [13] . This can be written in spherical polar coordinate (t, r, θ, φ) as follows:
where L 1 = 4+kr 2 and L 2 = 4−kr 2 . The EoS is taken for an isotropic fluid so that the energy-momentum tensor is T µ ν = diag(ρ, −p, −p, −p). The tetrad (15) has the same metric as FRW metric (1), the f (T ) field equations (14) read
where the matter contributes to the total density and pressure as
and the torsion contributes to the total density and pressure as
A. Reconstruction of f (T ) from zero-point field
In order to determine the zero-point energy of the FRW spacetime, we assume a vanishing energy-momentum tensor T µν = 0 of matter. We next reconstruct f (T ) from the vacuum (ρ = 0, p = 0) by solving equations (18) and (19). As f (T ) in FRW spacetime is a function of time f (T → t), one easily can show that
Substituting from (22) into (18) and (19), then by solving the system we get: The scale factor as
where a 0 is a constant of integration with an initial condition H 0 := H(t 0 ). Also, we mention here that the scale factor does not depend on the value of the sectional curvature k. So that the universe in its vacuum state behaves initially in a similar way for the three models k = 0 ± 1. The f (T ) of the FRW vacuum is
where Λ is a constant of integration. In a later discussion we will show that the constant Λ is related to the cosmological constant. Substituting from the vierbein (15) into (10), we found a non-vanishing torsion scalar
The above expression enables to rewrite (24) as
In f (T ) gravity, the torsion uniquely plays the most important role in the teleparallel geometry so that the vanishing of the torsion tensor (9) implies the spacetime to be Euclidean. In our investigation here we determine the zero-point energy of the universe by applying the f (T ) gravity theory to FRW cosmology with a vanishing energy-momentum tensor, i.e. T µν = 0. This enables us to investigate the lowest possible energy of the vacuum. Unlike the case of the GR, fortunately, the vanishing of the material distribution in the f (T ) does not imply Minkowiskian spacetime due to the non vanishing value of the torsion scalar field (25). This leads us to consider the torsion as an intrinsic property of our spacetime itself!
B. Missing ingredient density parameter
The Hubble and the deceleration parameters become
Combining (23) and (26) gives a de Sitter universe. According to (5), absence of material distribution derives the curvature density parameter to be a unit. But from (22) and (26) the value of Ω k for the vacuum is
The curvature density parameter of the vacuum does not only vanish at spatially flat spacetime as it should, but also decays asymptotically in the non-flat models. Although this solution contributes perfectly to solve the flatness problem, it shows that there is a missing ingredient to hold the total density parameter at unity
where Ω (?) expresses the missing ingredient of the vacuum that we need to investigate. Fortunately, we are saved by the torsion contribution to the Friedmann equations!
C. Torsion contribution
Using the f (T ) and the cosmological parameters corresponds to the vacuum energy we evaluate the density (20) and pressure (21) of the torsion gravity
The flat universe model shows that the effective torsion density and pressure produces the cosmological constant perfectly (p T = −ρ T ). Now we can define the new parameter Ω T = ρT ρc = ρT 3H 2 /8π to represent the torsion density parameter. Using equation (29) the torsion density parameter can be expressed as
It is clear that the above expression derives the total density parameter always to unity as Ω k + Ω T = 1, See Figure 1 . so it clarifies the nature of the missing ingredient of (28) as the torsion density parameter. We redefine the cosmological parameters in terms of the redshift z = a0 a − 1. The evolution of the density parameters shows a battle between the vacuum Titans: the curvature and the torsion density parameters. The plot of the open universe model in Figure 1 shows possible past transition period from curvature dominant universe to torsion domination epoch at z = −1 + 
IV. f (T ) OF VACUUM DECAYS
We consider this Section is the main result of this work. This Section is devoted to the above mentioned problem of the cosmological constant. We next rewrite some functions in simpler forms: Using (27) the torsion scalar (25) can be written as similarly the f (T ) of vacuum can be written as
The above expressions show that how the universe is forced to flat limit as Ω k → 0. We describe qualitatively the evolution of (27), (32) and (33) as
Now we investigate in particular the evolution of f vac. (T ) quantitatively. Taking suitable values for the constants of (24) to match the early time of the vacuum universe. So we take a very small initial scale factor a 0 = 10 −13 , large Hubble constant H 0 = 10 10 , initial time up to Planck time t 0 = 10 −44 and the cosmological constant represents f (T ) as t → ∞ so we take Λ = 10 −30 as measured by observations. The plots of Figure 2 show a very rapid evolution during 10 
V. PHYSICS OF TORSION
The above mentioned illustration might open many questions. What is the nature of the torsion scalar field? How dose it contribute to the early or to the later phases of the universe? What is possible sources of the torsion scalar field? Does it propagate or not? What does torsion scalar field responsible of? Actually, some of these questions are beyond our research here.
A. Torsion equation of state
We organize this section to answer some. We evaluate the EoS parameter of the torsion scalar field to reveal its nature. This can be done by using (29) and (30), we get a time dependent EoS as
The EoS evolves from ω T : −1 → − 1 3 as the conformal time runs t : 0 → ∞ for negative Hubble spacetime. While, the more physical case where Hubble parameter is positive the EoS evolves as ω T : − 1 3 → −1 as the time runs as t : 0 → ∞. Although the EoS shows different initial values, it has a unified asymptotic behaviour in both cases. We summarize the EoS evolution as follows:
→ −1 as t : 0 → ∞ Also, we need to mention the only case that the evolution of the torsion scalar field requires a sudden singularity is the case of the open universe model (k = −1). Different evolution scenarios are given in Figure 3 . 
B. Torsion potential of a scalar field
We consider here the physical approach to form the torsion from a scalar field ϕ(x). We follow the approach that has been purposed by [16] , by introducing sixteen fields t µ i that are called "torsion potential ". These fields form a quadruplet basis vectors, so we write the following linear transformation:
the torsion potential t µ i and its inverse are satisfying the conditions:
Finally, this enables to express the torsion as [16] 
Now we consider the torsion potential is formed by a scalar field ϕ(x) by taking
where ϕ is a non-vanishing scalar field. Then the torsion is expressed as
The torsion scalar (10) can be written in terms of the scalar field ϕ as
where ϕ ,µ = η µα ϕ ,α . The above treatment shows that the torsion acquires dynamical properties and it propagates through space.
C. Torsion gravity and inflation
In the following treatment we evaluate the scalar field as a function of time. Using (25), (38) and solve to ϕ we get
where ϕ 0 is a constant of integration and τ 0 is defined as
The curvature density parameter of the present vacuum theory actually initiate all the dynamical evolutions. So we find that it might be useful to express all the dynamical quantities in terms of the curvature density parameter. Considering the lagrangian density of a homogeneous scalar field
which reads the scalar field pressure as
The kinetic term can be evaluated wherė
The discussion of Section IV shows that Ω k → 0 as t → ∞, so the above expression shows that the asymptotic behaviour of the kinetic term fixes to a constant value aṡ ϕ 2 ∼ H 2 0 . Using (30) and (39) we evaluate the potential of the scalar field ϕ
The above expression of the potential is indeed a powerful formula to study many different cases. We start with the flat space as k = 0 and so Ω k = 0, the potential is static as V = 
where Φ 0 = ϕ 0 + 2 3 (1 − H 0 t 0 ). This asymptotic form of the potential smooths out the fluctuation at ϕ < 0 that appears in Figure 4 of the open universe model. 
VI. FINAL REMARKS
In this work, we derived an analytical solution of the FRW vacuum universe governed by f (T ) gravity. The solution provided an exponential scale factor of the inflationary universe. The vacuum universe is dominated by effective torsion gravity, the f vac. (T ) solution acts perfectly as a cosmological constant in the flat universe model, while it has a decaying behaviour in the open universe model. The f vac. (T ) decays ∼ 118 orders of magnitude very fast within a cosmic time interval ∼ 10 −12 − 10 −10 sec. or even shorter. This might contribute to solve the fine-tuning problem of the cosmological constant. The EoS of the effective torsion gravity predicted an initial quintessence field (ω = −1/3) with a de Sitter asymptotic behaviour in the H > 0 spacetime. We used a special treatment to construct the torsion potential from a scalar field, this enables the torsion to acquire a dynamical behaviour with a propagating attitude. The potential of the scalar field showed an inflaton behaviour particularly for the open universe model with a gradual decay fluctuating potential at negative values of the scalar field. While it has a flat plateau near the false vacuum with a slow roll epoch to an effective minimum at positive values of the scalar field.
